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ANALYSIS OF A MATHEMATICAL MODEL OF ISCHEMIC
CUTANEOUS WOUNDS*

AVNER FRIEDMANT, BEI HU%, AND CHUAN XUES$

Abstract. Chronic wounds represent a major public health problem affecting 6.5 million people
in the United States. Ischemia represents a serious complicating factor in wound healing. In this
paper we analyze a recently developed mathematical model of ischemic dermal wounds. The model
consists of a coupled system of PDEs in the partially healed region, with the wound boundary as a
free boundary. The extracellular matrix (ECM) is assumed to be viscoelastic, and the free boundary
moves with the velocity of the ECM at the boundary of the open wound. The model equations
involve the concentrations of oxygen, cytokines, and the densities of several types of cells. The
ischemic level is represented by a parameter which appears in the boundary conditions, 0 < v < 1;
~ near 1 corresponds to extreme ischemia and v = 0 corresponds to normal nonischemic conditions.
We establish global existence and uniqueness of the free boundary problem and study the dependence
of the free boundary on ~.
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1. Introduction. Wound healing represents the outcome of a large number of
interrelated biological events that are orchestrated over a temporal sequence in re-
sponse to injury and its microenvironment. The process involves interactions among
different soluble chemical mediators, different types of cells, and the extracellular ma-
trix (ECM). Among the various factors that affect the healing of a wound, the tissue
oxygen level is a key determinant [11, 26]. Although hypoxia is generally recognized
as a physiological cue to induce angiogenesis [4, 25, 21, 14], severe hypoxia cannot
sustain the growth of functional blood vessels [12, 1, 10, 18, 23].

There have been several mathematical models of wound healing which incorpo-
rated the effect of angiogenesis [20, 19, 3, 24]. Mathematical models of angiogenic
networks, such as through the induction of vascular networks by vascular endothelial
growth factors (VEGFSs) [5, 6], were developed by McDougall and coworkers [16, 27],
based in part on the work of Anderson and Chaplain [2], in connection with chemother-
apeutic strategies. The role of oxygen in wound healing was explicitly incorporated
in the works of Byrne et al. [3] and Schugart et al. [24]. In particular, it was demon-
strated in [24] that enhanced healing can be achieved by moderate hyperoxic treat-
ments. In [22], the impairment of dermal wound healing due to ischemic conditions
was addressed in a preclinical experimental model. In a more recent work [28], Xue,
Friedman, and Sen developed a mathematical model of ischemic dermal wound heal-
ing. The model consists of a system of partial differential equations (PDEs) in the
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partially healed region which is modeled as a viscoelastic medium with a free bound-
ary surrounding the open wound. Simulations of the model were shown to be in
agreement with the experimental results in [22].

In this paper we study the model in [28] by mathematical analysis. In particular
we prove that the free boundary problem developed in that model has a unique global
solution and that the open wound does not close under extreme ischemic conditions.
We also show, by simulations, that nonischemic wounds do heal. In section 2 we
formulate the mathematical model for a radially symmetric geometry as in [28]. The
ischemic level is determined by a parameter v, 0 < v < 1; v near 1 corresponds
to extreme ischemia and 7 = 0 corresponds to normal nonischemic conditions. In
section 3 we show that the free boundary is monotone decreasing, and in section 4
we derive a priori estimates. In section 5 we transform the free boundary problem
into a problem in a fixed domain; this is a convenient form for proving, in section
6, local existence and uniqueness of a solution. The extension of the solution to all
t > 0 is also established in section 6 by using the a priori estimates derived in section
4. In section 7 we consider the case of extreme ischemia (namely, v near 1) and
prove that the wound’s boundary stops decreasing after some finite time. In section
8 we establish some properties of the solution for wounds that do not heal. Section 9
simulates the radius of the wound when the parameters of the system are chosen, as in
[28], based on biological literature. The simulations suggest the following conjecture:
there exists a parameter v* such that wounds heal if 0 < v < 4* and do not heal if
<y <L

2. The mathematical model. It is assumed that the dermal tissue is in a
circular domain {(r,0; r < L)} and the open wound at time ¢ is a disc {(r,6; r <
R(t))} with initial radius R(0) < L. The partially healed tissue is the annulus (t) =
{(r,0; R(t) <r < L)}. We introduce the following variables:

e Chemicals:
w(r,t): concentration of tissue oxygen.
e(r,t): concentration of vascular endothelial growth factor (VEGF).
p(r,t): concentration of platelet derived growth factor (PDGF).
e (ells, blood vessels, and matrix:
m(r,t): density of macrophages.
f(r,t): density of fibroblasts.
n(r,t): density of capillary tips.
b(r,t): density of capillary sprouts.
p(r,t): density of the ECM.
v(r,t): velocity of the ECM.
In homeostasis, w = wy, m = myg, f = fo, b = bg, and p = pg. In the remainder of this
paper these variables have already been scaled so that wyg = mg = po = by = po = 1.
The continuity equation for the matrix density p is

0
a_';) —|—v . (pV) = Gp(f,wap)v

where G, (f,w, p) is a growth and decay term of the ECM due to collagen secretion
by fibroblasts and degradation by matrix metalloproteinases (MMPs). The specific
form of G, incorporates the fact that collagen production and maturation require the
availability of oxygen [13, 17, 11, 26],

a —’“”—“’f(l—pi)—App,

p_w—i—Kwp m
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where p,, is the maximum matrix volume fraction permitted in the partially healed
region, p,, > 1.

The partially healed tissue is modeled as a quasi-static upper convected Maxwell
fluid with velocity v, deviatoric stress tensor given by 7 = n(Vv 4+ Vv’), where n
is the shear viscosity, and pressure P. The pressure P is generally a function of the
matrix density p and is assumed to have the form

(2.1) P(p) = {g(p ~b 2 i 1

The total stress 0 = 7 — PI appears only in the boundary conditions. By further
assuming radially symmetric flow, i.e., v = v(r, t)e,, the continuity equation becomes

1 _ kyw p
(2.2) — + ;—T(rpv) =7 K’u)pf <1 m) Aop,  R(t) <r <L,

and the nondimensionalized momentum equation for the ECM becomes (see [28] for
supporting information)

(2.3) 15(5”)—32313—(”) R(t) <r < L.

ror \"or r2 or ’

To simplify the analysis and simulations, we wish to have a PDE system in which
all variables are radially symmetric. In order to implement ischemic conditions in
radially symmetric form we assume that small arcs of length ¢ are cut off from the
healthy tissue at » = L and that the distance between two adjacent § arcs is €. If
8, € — 0 in such a way that € ~ e~/ where c is a positive constant, then, for any
diffusion process with boundary conditions

@ =0 on the d-arcs,

or

u =g on the remaining arcs,

the limiting “homogenized” boundary condition is [8]
(1= )u—g)+19e =0 on r=1L

for some constant v € [0, 1] which depends only on ¢; v = 0 corresponds to healthy
tissue (i.e., no excision of -arcs) and v near 1 corresponds to extreme ischemia.
The equations for the concentrations of oxygen, PDGF, and VEGF are

ow 10 10 ow
(24) — + ;—(rwv) = o <7“Dw5)

+ kb ((1 = y)wy —w) — [(Awff + Apmm) (1 n Awwp) N /\wm} w,

1+p
op (1O L9 (.pop _ derfp
(2.5) 9 +o o (rpv) = o <er 8r> + kpymGp(w) 1 1p ApD,
Oe 10 10 Oe
(26) E + ;E(re ) = ;E <7'D@E) + k@mG@(w) — ()\mn + Aebb + /\e)e.
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The equations for macrophages, fibroblasts, capillary tips, and capillary sprouts
include diffusion, generation, and death of cells, and chemotactic migration of cells:

2 10 () =12 (19, 22) 12 O /ey
ot r or r or or ror /1+ksg |8p/8r|2
k. bp
(2.7) +m —Amm (1 4+ MgD(w)),
of | lﬁ(rfv) _ 10 (er@> _ 10 [ xspfHQ — f/fm)Op/Or
t 1o} r or or ror /1 ke |8p/8r|2
(23) # kG )f (1= 1) = A+ xapw))
2 10 () = 12 (19,28 - 12 ( dentnfoucfo
ot ror r or or ror /1 kg |8e/8r|2
e
ob 10 10 ob 10 AD,bon/or
oot = (D) e (7

1+ kog |On/0r?

(2.10) 10 [ AxnbpnH(1 —n/nm)0e/0r

ror 1+ kg |9e /01

+ kpyGp(w)b(1 — b) + Gp(w) (Anpb + Appn)n,

where the two terms with A (in (2.10)) represent the fact that sprouts follow tips,
and the oxygen-dependent functions G and D are given by

3w, 0<w<0.5, 2w, 0 <w<0.5,
2 —w, 0.5 <w<1, 22w, 05<w<l,
Gpw) =141 2 Ge(w)=4¢ 1 1
o) §w+§’ 1 <w<4, (w) §w_§’ 1<w<4,
2, w > 4, 1, w > 4,
(Kwy +Dw (Kwp + 1w
G =—" Gy=—77—""— D =1—-—Hbw-1)H(1—w/3).
i) = LI Gy = TR D) = 1 H(sw — DH( —w/3)

Here H is an approximated Heaviside function

u®

H(u) =< 1076 4+ 48’
0, u < 0.

u >0,

Note that in (2.4) the supply of oxygen from the vasculature is reduced to
kwb((1 — v)wp — w) due to the ischemic condition. The functions Gp(w) and Ge(w)
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are constructed to reflect the biological effect of oxygenation: moderate hypoxia and
hyperoxia increase the production of PDGF and VEGF compared to normoxia. Equa-
tions (2.7)—(2.9) include chemotaxis flux terms that describe the chemotactic move-
ment of macrophages, fibroblasts, and capillary tips. The two terms with A in (2.10)
represent the fact that capillary sprouts are dragged along capillary tips. Although the
forms of the G functions and the D function are suggested by biological experiments,
our mathematical analysis will not depend on the special form of these functions.
The free boundary r = R(t) is moving with velocity v:

(2.11) R(t) = v(R(t), ).

The boundary conditions at » = L are

(2.12) v =0,
ow
(2.13) I-—y)(w-1)+ vLa =0,
op de
(2.14) (1- 7)p+'yLE =0, (1—7)e +7L§ =0,
(2.15) (1= 7)m+~L om  xm pmH(1 —m/my)0p/0r o,

o Dm 14k, |0p/or)

(2.16) (1 =) (f —1)+~L of  xy pfH( = f/fm)0p/Or o,

Y T

(2.17) (1=t r | 22— X prH( = n/nm)Oe/Or )

or Dn 14k, |0e/or]
(2.18) (1—)(b—1)

(% ADpbon/Oor — AxpbpnH (1 —n/nm,)de/0r

or 1+ kg 00/ 00| 1+ kg |0/ 01

and the boundary conditions at r = R(t) are

+~L

:O7

(2.19) % _p

(2.20) %:%:%:%:0’

(2.21) gf ’fgﬁg)’

(2.22) _p,om  pmHQ—m/mw)op/or _ o

or 1+ ksy [0p/0r]

(2.23) _p, 2 P f] Im)Op/ O

or 1+ kg |0p/ 0

=0.
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Equation (2.21) represents the fact that secretion of platelets decreases with healing
(i.e., as R(t) decreases). The initial conditions for Ry < r < L take the form

— R
R(O):RQ,UZO,p:f:Lw:]., b:g(r O)a

(2.24) €o
e=m=n=0, p=po(r),
where
0, z <0,
8 1
522, 0<Z§1,
g 3° 76 TR
8 3
1——(1—2)? St
S1-22  f<a<l,
1, z > 1,

and po(r) has three continuous derivatives and satisfies the boundary conditions (2.14)
and (2.21), and

(2.25) ph(r) <0 if Ry<r< Ry+eo,
| po(r) =0 if Ro+eo<r<L,

where 0 < €9 < L — Ry.
In healthy tissue there is no net growth of ECM, i.e., G,(f,w,p) =01if f =w =
p = 1, which means that

k 1
2.26 Ay = —2— (1 — —> .
( ) P 1+Kwp Pm
Similarly

)\wf + Awrn
2.27 kw =
(2.27) p—
As

2.2 = —

3. R(t) is monotonically decreasing. Set

L
(3.1) mwz/ yP(y, t)dy,

R(t)

where P(r,t) = P(p(r,t)).
THEOREM 3.1. For any solution of (2.2)—(2.28) there holds

(3.2) R(t) <0, R(t) <0 if and only if Q(t) >0,
(33) R(O)efﬁ Jo @mdr < R(t) < R(O)eiﬁ Ji Qrydr

Proof. Equation (2.3) can be rewritten as

vy v v
'Urr"'___zzvrr"'(_) :Pr-
r T r/r
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Integrating over [R(t),r], we obtain

o(r,t)  v(R(t))

vp(r,t) — v (R(1)) + — ——>= = P(r,t) — P(R(1),1).

r R(t)
From (2.11) and (2.19) we obtain
ve(r,t) + (:t) — % = P(r,t);
hence
(3.4) (rv), — nglg =rP(rt)

Integrating this equation over [r, L] and using (2.12), we obtain

L*—r*R(t)

L
(3.5) —ru(r,t) — 5 m :/ yP(y,t)dy.

In particular, at r = R(t),

2 _ 2 T L
“RR() - ﬂ% -/ R
(3.6) ) _ 2 7 Q1)

R(t) L2+ R()
The assertion (3.2) now follows immediately from (3.6). From (3.6) we also obtain
(3.7) —5Q(t) < 5= < —=Q(),
from which we deduce the estimate (3.3). O

If we substitute R/R from (3.6) into (3.4), we obtain, after dividing by 7,

(3.8) @ = P(r,t) — %WQ@);

this equation will be needed in the remainder of this paper. If we substitute R/ R
from (3.6) into (3.5) and divide by r, we obtain an expression for v,

2 _ .2 L
o) = {Li—w@(t) -/ yP(y,wdy}

or

2 _ ,',.2 r ,',.2 2 L
39 on0=1 {Lf?w [, vP0a - g | yP(y,wdy} .

COROLLARY 3.2. Equation (2.3) for v together with the boundary conditions
(2.12), (2.19) and the initial condition v = 0 can be equivalently replaced by the
formula (3.9).

In the remainder of this paper we shall often work with the representation (3.9)
for v.
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4. A priori estimates. In this section we assume that there exists a classical
solution to (2.2)—(2.28) for 0 < t < T and derive a priori estimates which depend on
T but remain uniformly bounded for any finite T'. We set

Qr={(r,0,t) |Rt) <r< L, 0<0<2m, 0<t<T}

and introduce the following notation.

C’f;ra71+a/2(§2;p) is the space of functions wu(r,t) with u, D2u, Dyu uniformly
Hélder continuous in Qr, with exponents « in r and «/2 in ¢; the norm in this space
is defined by

HuHcgtha/z(QT) = HUHLOO(QT) + ||D$U||Cg,ta/2(QT) + ||Dtu|\cﬁ¥a/z(QT),

where

t _ / t/
lollgegraagy = Iolliman +  sup  UED U0
neT (), () ey [T = T|* + [t — 1|

Similarly we define the spaces C’ £(Qrp), C0,T), ete.

In the remainder of this paper we shall use the following comparison principle
7, 15].

LEMMA 4.1. Let vy, vo satisfy

(4.1) % — DAv; + g(x,t,v1, Vuy) > % — DAvy + g(x,t,v9, Vua) in Q.
If

0
(4.2) m%(vl—vg)—kug(vl—vg)zo on 00T N{0<t<T},

(v1 —v2)|t=0 >0 in Qo,

where v is the outward normal and py, pe are nonnegative functions satisfying, at
each point, either p1 > 0 or py = 0, pe > 0, then v1 > vy in Qp. Furthermore, if
strict inequalities hold in both (4.1) and (4.2), then vy > vg in Q.

LEMMA 4.2. For any solution of (2.2)—(2.28),

(4.3) the components w, e, p, m, f, n, b, and p are nonnegative functions.

Proof. For any small § > 0, let us add § on the right-hand side of each of
the equations (2.4)—(2.10) and each of the boundary conditions (2.13)—(2.18), (2.21)-
(2.23), replace 0 by —d in (2.20), and increase the initial data of b, e, m,n,p by 6. We
refer to this new system as the “J-problem” and to its solution as the “d-solution.” By
continuity, each component of the d-solution is strictly positive in €, for some ¢y, > 0.
We claim that all the components are strictly positive in Qp for all T > 0. Indeed,
otherwise there is a smallest T such that at least one component of the §-solution,
denoted by z, vanishes at some point (7,7'). We can then apply the second part of
Lemma 4.1 with v; = z, v2 = 0 to conclude that z(7,7") > 0, which is a contradiction.

The local existence and uniqueness proof given in sections 4-6 is valid also for
the d-problem. The estimates derived there are uniform in ¢ so that, as 6 — 0, the
d-solution converges to the original solution. Hence each component of the original
solution is nonnegative in a small time interval, say 0 < ¢ < t.. We can now repeat
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the process for ¢ > t, and conclude step-by-step that each component of the solution
is nonnegative in Qp for any 7" > 0. O
LEMMA 4.3. If initially p(r,0) < pm for R(0) <r < L, then,

(4.4) p < pm n Q.

Proof. 1f the assertion (4.4) is not true, then there exists a t* > 0 such that
p(r,t) < pm in Q= and p(r*, %) = py, for some R(t*) < r* < L. Then, along the
characteristic curve with velocity v, through (r*,t*),

Dp

(4.5) -

>0

- 3

(r*,t*)

where D/Dt = 9/0t + v(9/9r). On the other hand, from (2.2) and (3.8), we get

Dy
Dt

= —Xpp(r*,t") — <P(r*,t*) - ﬁ@(f*)) p(r*,t%).

(r*,t*)

Since Q(t*) < # max, P(r,t*) = L2§R2P(r*,t*), we obtain

Dp 2R?
Dt .., = ) = g P ) <0
which is a contradiction to (4.5). O
Recall that we have assumed p,,, > 1.
LEMMA 4.4. There holds
v(r,t .
(4.6) PEDL < Bpm 1), Iorlr, 0] < 28(pm — 1) in 0.

Proof. From Lemma 4.3 we obtain

/T yP(y,t)dy < B(pm — 1)w7
R(t) 2

L 2 _ 2
L —r
/ yPy,t)dy < flom —1)—5—
Using these estimates in (3.9), we get
[v(r, )] L? —r?
— < Blpm —1)5——F—— < Blpm — 1).
— < Bl )72 TR0 S Blp )

Substituting this inequality into (3.8) and estimating P and @ by Lemma 4.3, we also
obtain

|UT(7’7 t)| < ZB(Pm - 1)- O

LEMMA 4.5. Setting

. mn m_l
N:max{l;\—nz, %,nm},
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there holds
(4.7) 0<n(r,t) <N in Qp.
Proof. We write (2.9) for n in the form

ZLn] = Ln| + Fn] =0,

where
$0[¢] = @ - 12 an@ + ’U(br + 12 r an(bH(l _ ¢/nm)5€/57‘
ot ror or r or /1 Tk |8€/8r|2
59
and

Fl¢] =b <Anb¢ - knb%e) + <Ann¢ + (T:)T ~ g e) 4.

By (3.8) and Lemma 4.3,

1
S(rv)e = —Blpm — 1],
so that, by definition of N,
N+ T € N = Blpm — 1] — ki > 0
r 1+e

and

€
Av N — kpp—— > Ny N — kpnp > 0.
b b1+e> b » >0

Since, by (4.3), b > 0, we conclude that Z#[N] > 0, and hence N is a supersolution,
ie., Z(N) > 0. Using also the boundary conditions (2.17) and (2.20), we deduce by
the comparison lemma that n(r,t) < N. O

LEMMA 4.6. For any T > 0, there ezists a constant Cr such that

(4.8) 0<b(r,t) <Cr in Qr.
Proof. By the comparison principle,
0 <b(r,t) < by(r,t),

where by (r,t) is a solution of the same equation as b(r,t) but without the quadratic
term —k,Gp(w)b? and with the same boundary and initial conditions as for b(r,t).
We can write the equation for by in the form

(4.9)
oby 0 by oby 0
TE_E (rDbE>+a1(r, t)by (1, t)+as(r, t)ﬁ(r, t)—l—a(ag(r, )by (r, t)) = ay4(r,t),

where, by using (4.7), we find that a1, a2, as, a4 are all uniformly bounded. From
the Nash—-Moser estimate [15] we deduce that, for any 0 < t; < T,

(4.10) [b1]|ceera(a,,y < Cr + C1l[brllL= (0, )
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and by interpolation,

ol < B0+ 677 (14 sup (RO ol

<T<ty
< 012 0) [z + C* 7 (Cr + Or|ba]| 1 s, )
< C’*C’Tt?/QHblHLoo(Qtl) +C.
Choosing t; such that

a2 1
crort? = <

we obtain the estimate
01 o< (,,) < C.

Repeating this procedure step-by-step, the assertion (4.8) follows. O

The above proof can be applied successively to m, f, p, e, and w to establish the
following estimates.

LEMMA 4.7. For any T > 0, there exists a positive constant Cp such that
m QT,

0<m(rt)<Cr, 0<f(rt)<Cr, 0<p(rt)<Cr,
(4.11) 0<e(rt)<Cpr, 0<w(rt)<OCr.

Since b is bounded (by Cr) in Qr, we can write (2.10) for b in the same form as
(4.9) for b; and thus derive, by the Nash-Moser estimate, a Hélder bound

||b||Cavﬂ/2(QT) < Cr.

The same bound can be derived for the components n, m, f, p, e, and then also for
w. Hence, we obtain the following.
LEMMA 4.8. For any T > 0 there exists a positive constant Cp such that

(412) vapaeama f,’fl,b”ca,a/2(QT) <Cr.

Rewriting (2.2) in the form

i kpw P (TU)T _
(4.13) pi +vpr = w+Kwpf(1 m> App " p = F(r,s),

we proceed to establish a Holder estimate for the function p.
LEMMA 4.9. For any T > 0 there ezists a constant Cp such that

(4.14) lollos oy < Or-
Proof. We introduce the characteristic curves X, for (4.13), by

w = v (X (r,t,8),8) X (r,t,s) Vsel0,1,
s

X (ryt,t) =1.
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Using Lemma 4.4 we find that
| X, (r,t, 5)| < e2B(pm—=1)(t—s)

Let J(r,t,8) = p(X(r,t,s),s), so that

WL _ F(x(r,t,5).5),
J(r,t,t) = p(r,t).
Then
lp(r1,t) — p(ra, t)|
|11 — 7ol
t
— / ‘F(X(rhta 8)75) _-F(X(T2,t78)78)d8
Ire =72l [Jo
+ |p(X(T‘1,t,O),0) - p(X(T27t70)70)|

|7’1 —7’2|0‘

By the initial condition p(r,0) = 1 the last term vanishes, and

/ F(X(rits), 5) — F(X(ra,t, 5), 5)ds

Tlvt 8 )_-F(X(TQ,Z‘:,S),S) <|X(Tlat75)_X(T27t58)|)ads
X (rq,t, s) X(ra,t,s)|™ |r1 — 7o

< (eZB(pm—l)(t—s))oz/ | F(X(r1,t,8),8) = F(X(r2, 1, 8),8)|d5

- | X (r1,t,8) — X (ra,t,s)|™

<Cr / (- 8)les + (s )log + [ 9)]cads.

|T‘1 —T‘2|a

Hence

p(r1,t) — p(ra, 1) <Cpt CT/O o+, 8)] o ds.

|7’1 —7’2|0‘

Taking the supremum over r1, ro € [R(t), L], 11 # r2, we obtain
t
o Olcs < Cr+Cr [ ol s)leds,
0

and by Gronwall’s inequality,

(4.15) (- Blog < Cr.

Next, taking to > t; > 0, we can write

p(r,ta) — p(r,t1) / F(X(r ta,s),s)ds + p(X(r,ta,t1),t1) — p(r,t1),

t1

so that

p(r,t2) — p(r,t1) < Clta — t1| + [p(- t1)]ca | X (r, t2, t1) — 7|
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Since

|t2 - t1|7

dX
|X(r,t2,t1) — T‘| = |X(r,t2,t1) — X(T,tg,t2)| S HE
LOQ

we obtain
lp(r,t2) — p(rt1)| < Crlta —t1|*.

Combining this inequality with (4.15), the assertion (4.14) follows. O
LEMMA 4.10. For any T > 0 there exists a constant Cp such that

(4.16) [vllce e @) + lorllcop @z < Cr

,t

Proof. The proof follows from the representations of v(r,t) and v (r,t) in (3.9)
and (3.8) by using Lemma 4.9 and the boundedness of R (from (3.3)). O
LEMMA 4.11. For any T > 0 there exists a constant Cp such that

(4.17) [1Rllcre o)) < Or-

Proof. This follows from (2.11) and Lemma 4.10. O
LEMMA 4.12. For any T > 0 there exists a constant Cp such that

(i)
Il ztaiters g,y < Cr,
||6|‘CE::Q,1+Q/2(QT) <Cr,

||w|‘cftcx,l+a/2(QT) < CT;

Hm”cfja,lJra/?(QT) <Cr,
1£llgzserrerzq,, < O,
|In|‘cfta’1+a/2(QT) <Cr,
||b||cftav1+a/2(QT) < Cr;
(iii)
||p||ij"“”"‘/2(QT) <Cr,
||U||Cf’tav1+0‘/2(QT) < Cfr.
Proof. Indeed, (i) follows from Lemmas 4.8-4.11 and the parabolic Schauder
estimates [7, 15]. The assertion (ii) follows by the Schauder estimates and (i). To

prove (iii) we first formally differentiate (4.13) in r and apply the proof of Lemma
4.9, making use of Lemma 4.10 and (ii). We thus obtain the bound

(418) HerCmam(QT) < Cr.

In order to rigorously prove (4.18), we consider the solution p, of the differentiated
equation (4.13) and derive the estimate (4.18). By integration of the equation of p,
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with respect to 7, one can verify that [ " prdr coincides with p; hence dp/dr = p, and
(4.18) follows.
Differentiating (3.8) in r and using (4.18) we deduce that

”vTTHcivtﬂ/?(QT) < CT7

and this allows us to differentiate the equation for p, once more in r. Proceeding as
before, it is then easy to complete the proof of (iii).

5. Transformation to a fixed domain. In order to prove existence and unique-
ness of a solution of (2.2)—(2.28) for a small time interval 0 < ¢t < T, it is convenient
to transform the system with the free boundary r = R(t) into a system with a fixed
boundary, using the mapping

r — R(t)

(5.1) &= I RG)’ (r=(01—-&R(t)+£L).

In the new system, & varies in the interval 0 < £ < 1, and for any function u(r,t) =

(& t),

ou 1 ou
(5:2) or  L—R(t) o€’
o [ Ou 1 0 i
(53) o (5) = = rap e (0%)
and
Ou _0u  0ud{ 0u  R(t) i

- T -t i-rp¢ Va

du 0 &) (L —
(= 1)6—5 = %a_g (r(¢-1)a) + <(1 5)(1; ) 1) .

Using these formulas we compute

ou 10 _ou

E + ;E(ruv) = E + B,
where
_ R@®) ot 1 d
P= e Vot T rmrae ™)
R(t) 0 ~ 1 0, . -
L R() 7 0¢ (r({ — 1)u) + @ R(t))ra_f(mw) + K,
or
0 .
B= T —1R(t) [%a—g(ru(R(t)(f -1+ U)):| + Ka,
where
(5.4) K=K@=7 ]_%(tR)(t) <(1 - 5)(!; — R@) _ 1) :
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Hence

ou 10
(5.5) 5 + ;a(ruv)

_oi, 1 19
ot L—R(t) |ro€

Using (5.2), (5.3), and (5.5), we can transform the PDEs in section 2 into the following
system of equations, where we have, for simplicity, dropped the tilda “~” from all the
variables:

(ra(R(t)(f -1+ u))] + K.

(5.6)
ap 1 9 _ kw P
5 g () = s (1) <Ko
(5.7) , ; )
1 1 v v 1 P
(L — R())2 r(€) 0¢ (’"@6_5) " 2(€)  L-R(t) %’
(5.8)
ow 1 0 1 0 ow
2t () = =2 (ropu 30
+kub((1 = y)wy — w) — [()\wff + Awmm) (1 + i”‘fﬁ ) + Awm} w — Kuw,
(5.9)
% %8% (rewr) = %8% (r(&)me gﬁ )
+ kpmGp (w) Alpif;: - App - Kpa
(5.10)
ge 1 0 9

(5.11)
88—7:“ + %8% (T(é)mM)
_ %8% (r(&)Dm(w%—?) - % a% (r@ X’“(ty?f,i;;t;r;;g;ﬁp/ag)
T % Amm (14 AgD(w)) — Km,
(5.12)
% + TZ)%(T(OJCM)

= LE <T(§)Df(t)g) _ LE (r(g)xf(t)pr(l B f/fm)ap/af)
1+ ke (#) |0/ 0]

T kG () f <1 - i) AL+ AaD(w)) — K,
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(5.13)
on 1 0
R (r(g)nM)
L v oo dny 10 [ nH () de/0e
= 5 96 MOPO5) ~ ey e ( () NESTTTT )
+ (kb + knn)ﬁ — (pd + Apnn)n — Ko,
(5.14)
o 1 9
_1 o/ oy 1 0 D (t)b01/9¢
- o (D) + ( ©) Vl e )
19 (€) Axn () bpnH (1 — n/ny,)0e/0E
o) o V1t hag(0) [oe /06
+ kbi(w)b(l - b) + Gb(w)(/\nbb + )\nnn)n — Kb,
where
_ROE-1)+v _ky
M= TR o MY TR
D,
D,(t) = m for u = w,p,e,m, f,n,b,
Xu(t) = (L—Xilg(t))z for u=m, f,n,b.

The free boundary condition remains as before, namely,
(5.15) R(t) = v(R(t),t).

The boundary conditions at the fixed boundary £ =1 are
(5.16) v =0,

L ow
(617) (=)= + e =0
"yL 3p B
'yL Oe
(519) (1 - ’}/)6 + ma—é_ = 0,

(5.20) (1—y)m +

~vL om Xm. pmH (1 —m/my,)0p/0¢ -0
L—R(t)\ 0 Dpn \/1 + kg (t) |Op/ O ’

AL (af s pr(l—f/fm>ap/af) .

L—R(t)\ o¢ Dy

(5:21) (1= -1+
gl 9¢ Dy \/1+ksg (t) |op/ €|
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(5.22) (1= + —2b [ 9n o pnH (= n/nm)On/08 ) _

L—R(t) \ 9¢ D, V1 + kg (0) [ /06

(5.23) 1—7)(b-1)

n ~vL b AD,bon/0¢ ~ AxnbpnH(1 —n/nm,)0e/08) 0
L _ - )
RO\ 1 kg lon/0s? 1+ kug(t) [9e/ 0]
and at the free boundary £ = 0 they are
Ov
.24 — = (L — P,
(5.24) 5 = (L= )P,

ow 0Oe On 0b

(5.25) kB,

IR

(5.27) _ Dm%_’g b, PmEQA - m/mm)ap/ff o,
I+ kg 0) /0]

(5.28) _ ng_Jg n Xfpr(l — [/ fm)Op/0 _

V1 k1) [0p/ 06
The initial conditions take the form

€(L—R0)) ’

R0)=Ry, v=0, p=f=1, w=1, bzg( .
0

(5.29)
e=m=n=0, p(&0)=po((1—&Ro+EL).

6. Existence and uniqueness. In this section we prove the following theorem.

THEOREM 6.1. There exists a unique solution of (2.2)—(2.28) for 0 <t < oo such
that, for each T' > 0, the estimates of Lemma 4.12 hold.

Proof. We first prove existence and uniqueness for a small time interval 0 < ¢ < 7.
For this proof it will be convenient to transform the system (2.2)—(2.24) into the system
(5.6)—(5.29) with a fixed boundary. Set

G={0<¢<1}, Gr={(1);6€G0<t<T} forany T >0,
and introduce the Banach space
Y = {(R(t), p(§,1)); R(0) = Ro, p(§,0) = 1 with norm
(R, p)lly = | Rllcr+arzio,] + 1(0s pe) | coarz iy
and the ball
Vg ={(R,p) € Y;|(R,p)lly < B}

for any B > 1 + Ry.

For any (R,p) € Yp we wish to solve the system (5.7)-(5.14) with the corre-
sponding boundary and initial conditions from (5.16)—(5.29). Denoting this solution
by u = (w,p, e, m, f,n,b,v) we shall then define (R, p) by

d ~

(6.1) ER(z&) =v(R(t),t), R(0)= Ry,
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02) 9+ o (ront) = B (1 L) S np- Ko ple0) =1,
where
= ARMADE =D +o o dR/de <(1 — &L -Rt) 1) |
L—R(t) L—R(t) r
and set

(R, p) = W(R, p).

We aim to prove that the mapping W is a contraction mapping, and thus has a unique
fixed point.

As in [9] one can prove, by a fixed point argument, that there exists a unique
solution u for 0 < t < 7, for 7 small, and that

(63) |‘UHC§::D"1+Q/2(GT) S Ca u = (vaaeama fanvbav)'

The estimate (6.3) can also be established by the argument used in the proof of Lemma
4.12. From (6.1) and (6.3) we get

(6.4) Hifz

<C
dt ’

c2+e[0,7]

so that

”(M K)Hc2+o< 1+a/205 < C.

(G-) =

We next consider (6.2), and use the same arguments as in the proofs of Lemmas 4.9
and 4.12(iii), to derive the estimate

(6.5) ||ﬁ|‘c§:ta,1+a/2(éT) < C.
From (6.4), (6.5) we deduce that

HRHCHa[O,T] < Ro+Cr,

(6.6) fle N
H(p’ pﬁ)”cg’taﬂ(é” <1+CT / .

Hence if 7 is sufficiently small, then W maps Yp into itself.

We next prove that W is a contraction in Yp. Let (R1, p1) and R, p2 be any ele-
ments in Yp, and denote the corresponding solution by u; = (w;, ps, €;, mi, fi, ni, bi, v;)
for i =1,2. Set

(Ri, pi) = W(R;, pi).
As in [9] one can show that
(6.7) lur = uall gzraiirarz g y < Cll(Br = Re, p1 = p2)ly,

from which one can easily deduce that

(6.8) H— (Ry — < C||(R1 — Ra2, p1 — p2)|lv

cz+o<[o,f]
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and

|(My = M, Ky — Ka)|| avansarz oy < Cll(Ri = Rayp1 — p2)lly-
ot (G

Using arguments as in the proof of Lemmas 4.9 and 4.12(iii) and noting that p; —p2 = 0
at t = 0, we derive the estimate

o1 — ﬁ?”cg’tﬂyl'f'ﬂ/?(éT) < COI(R1 = Rz, p1 — p2)lly-

Recalling also (6.8) and the fact that Ry — Ry =0 at t = 0, we deduce, analogously
to (6.6), that

(R — Rz, p1 — p2)|ly < CTY/2||(R1 — Ra, p1 — p2)ly-

Hence if 7 is sufficiently small, then W is a contraction. We have thus established
existence and uniqueness for a small time interval 0 <t < 7.

In order to prove existence and uniqueness for all ¢ > 0 we suppose that such
a global solution does not exist and derive a contradiction. Suppose that a unique
solution exists for 0 < ¢ < T but not for a larger time interval. We then use the
a priori estimates of Lemma 4.12 combined with local existence and uniqueness to
extend the solution to a larger interval 0 < ¢ < T + 7, which is a contradiction. d

7. Ischemic wounds do not heal. In this section we prove that if the param-
eter 7 in the oxygen equation (2.4) and the boundary conditions (2.13)—-(2.18) is near
1, then R(t) = const. > 0 for all ¢ sufficiently large, that is, ischemic wounds do not
heal.

For any function u(r,t), we introduce the integral

L
(7.1) L(t) = / ru(r, t)dr.

Using (2.11), (2.12) we obtain

L L
( / ru(r, t)dr) = / r%dr — R(u(R(t),t)R(t)
(

=

R(t) R(t)

L du(r,t)
= / r——"—=dr + Lu(L,t)v(L) — R(t)u(R(t),t)v(R(t))

or

d Lfou 10
(7.2) Eju(t) /R(t) r <§ + ;E(ruv)) dr.

This formula will be used in subsequent lemmas.

For clarity we shall denote the solution u by u., and we consider first the case
v =1.

LEMMA 7.1. There holds

L
(7.3) Lo, (1) = / rwn(r,)dr < Ce=Yent, € = I, (0).
R1(t)
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2032
Proof. Multiplying (2.4) by r and integrating over r € (R, (t), L), we obtain,
d L ow ow
— t)dr | = LDy—2(L) — R(t)D,—L(R(t
¥ ( [, e ) (1) — (1D (R(1))

L

)\’u)’u)

—|—/ T {kwb.y((l —y)wp — w.y) — [()\wff,y + )\wmm,y) (1 + pv) 4 /\wm] w,y} dr
R(t) 1+ py

so that, for v =1,

iI (t) S _)\wm-[wl (t)a

dt "

and (7.3) follows. O
LEMMA 7.2. There holds

L
Ifl(t)z/ rfi(r,t)dr -0 as t — oo.
Ry (t)
Proof. Multiplying (2.8) with v = 1 by r and integrating over r € (R (t), L) we
obtain, after using the boundary conditions (2.16) and (2.23),

d n(t) = /L T{kaf(wl)fl (1— %) —)\ffl(1+/\dD(w1))}dr

;ig 1%1(t)
< COL, () = Apdp (1)

Recalling (7.3) we deduce

(7.4) It (t) < (C1t + Cy)e~ minlrum A}t 0 a5 ¢ — oo,

LEMMA 7.3. There holds
L
1, (t):/ rpi(r,t)dr -0 as t — oo.
l%l(t)

Proof. As in the proof of Lemma 7.2 one can easily derive the inequality

I, (t) < (C1t + Co)e ™infhum Molt () a5 ¢ — oo, 0

(7.5)
From the definition of Q(r) in (3.1) and Lemma 7.3 we obtain the following.

LEMMA 7.4. There holds

L
Q:1(t) =1Ip (t) = / rPy(r,t)dr -0 as t — oo.

Ry (t)

We next prove the following.
LEMMA 7.5. There exists a constant C' such that

max wi(r,t) < Ce Memt/2 > (.

Ri(t)<r<L

Proof. For v = 1, the oxygen equation can be written in the form

ow, 19 dwy duw _
W‘W(T ”W)”Wm(r’“w“o’
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where

2@4()
L2 + Ri(t)?

)\wwpl
1+p1

Si(r,t) = |kwb1 + (Awrf1 + Awmmi) (1 + ) + Awm + Pi(r, 1)

By Lemma 7.4, there exists a t1, such that, when ¢t > t1, 2Q1(¢)/(L* + R1(t)?) <
Awm/2. Hence

Sl(’l", t) Z Awm/25
and by the comparison lemma,

) < Jtr)e remt/2
wn (r )*Rl(ltr)l?ﬁngl(T 1)e

LEMMA 7.6. There exists a positive constant FY', FY > fp,, such that
flgFf‘ VRl(t)S’I"SL, t>0.

Proof. From Lemmas 7.4 and 7.5 it follows that there exists a t; > 0 such that,
for all £ > tq,

2 f
T R ) F R Grlw) <1 - f—;) < Ar/2.
Using this in (2.8) and setting
fi= i, 0),

= max
0<t<ti,Ri(t)<r<L
we deduce by the comparison lemma that
filr,t) <max{fi, fm} Vt>t;. d

We next improve Lemma 7.3.
LEMMA 7.7.

max p1(r,t) =0 as t — oco.
Ri(t)<r<L

Proof. By Lemma 7.4,

2 .
m@l(t) <N,/2 if t> 1.

Using also Lemmas 7.5 and 7.6 we obtain

Dpy A Fiky

t)e Awmt/2 >t
Dt = 2 Ky ng)lg)fngl(r’ Je =

where D/ Dt is the derivative along the characteristic curves, and the assertion of the
lemma follows. d

Lemma 7.7 implies that P, = 0 for all ¢ sufficiently large, say, for ¢ > T7. Hence
also Q1(t) =0 if t > T}. Recalling (3.6) we conclude as follows.

LEMMA 7.8. There exists BT > 0 and T7 > 0 such that

Ryi(t) > R} Yo <t <1y,
Ri(t) =R} Vit > Ty
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We next extend this result to all v near 1.
THEOREM 7.9. For any 0 <1—v < 1, there exists R} > 0 and T3 > 0 such that

R,(t) >R, NO<t<Tr,
R,(t)= R  Vt>TI

Proof. Since the estimates of Lemma 4.12 hold uniformly in v, any sequence
vi — 1 has a subsequence for which the solution u- of (2.2)—(2.28) converges in Q.,
for any 7 > 0, to a solution uy of (2.2)-(2.28) with v = 1; the convergence is in the
norms of Lemma 4.12 with « replaced by any 0 < 8 < «. Since (by Theorem 6.1) the
solution of (2.2)—(2.28) with v =1 is unique, we conclude that as v — 1 the solution
u~, converges to u;. It follows that

=] w

p’)’(rv El) S 5 ’UJ»y(T, El) < Mo, f’)’(ra El) S Fl* + 13 R’Y(El) Z RT/2

if ¢, is large enough, provided v € (y0,1) and 1 — 7 is small enough; here 7 is chosen
small enough so that

2770kp(Ff +1)

(7.6) oo

3
<A
Let [t1,ty) be the maximal interval such that

py(rt) <1 Vit e [ti,ty).

We want to prove that ¢, = +oco. Noting that Q. (t) =0 for t; <t < t,, we also have
vy(r,t) =0 and R, (t) = Ry (t1) for t; <t < t,.

Let W(r,t) = ni(r — R)?> + no, where R = R(t;), m = (1 —v)/A, and A =
2yL(L — R). Then (OW/dr)(R,t) = 0 and

(1—7)(W—1)+7L%—Vr>0 at r=1L

if 1 — « is small enough. Also
Wi — Dy AW > kwb((l —y)wp — W) — AwmW if g < no,

that is, if 7 is restricted to a very small subinterval (1, 1) of (70, 1). By the comparison
lemma we then get

wy(r,t) < W(r,t) for t e [ti,t,),
and, in particular,
(7.7) wy(r,t) < 2n9 for t € [t1,t,).
From (2.2), (7.6), and (7.7) we then obtain, for v € (y1,1),

Dp 3 T
D <\ (Z —p) for t € [t1,ty),

so that

p~(rt) < for t € [t1,t5).

>~ w

This implies that t, = +o0o, and consequently Q. (t) = 0 for all ¢ > t;, and the
theorem follows. O
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8. Wounds that do not heal. A wound may be considered to be (completely)
healed if R(t) — 0 as t — co. Indeed, biologically, if R(t) becomes smaller than, say,
10 pm (which is roughly the diameter of a cell), no cell can move in to occupy the
remaining open space of the wound. We say that a wound does not heal if

(8.1) lim R (t) = B > 0.

In section 7 we proved that if v is near 1, then the wound does not heal and, moreover,
R, (t) becomes constant for all ¢ large enough. In this section we want to explore some
of the implications of (8.1). In particular we show that in wounds that do not heal,
the concentration of oxygen and the density of ECM cannot exceed those of a healthy
tissue as t — oo.

THEOREM 8.1. If (8.1) holds, then

(8.2) limsup f(r,t) < fm,
t— o0
(8.3) lim sup w, (r, t) < max{1, (1 —y)ws},
t—o0
(8.4) tlggo esssup p (r,t) < 1.

Proof. By (3.6) and (3.1), the function Q) (¢) satisfies

L? + R2(t) .

(8.5) Q1) = 55 )

Integrating over (0, 00) and recalling (8.1), we conclude that

- RO) 12 | 2 L2 R(0)\ . R*(0)—(R2)?
= = — 1 " .
/0 (1)t /R: 2z * 2 % ( R’ ) i 4 -

We next prove
(8.6) f(r,t) <C forR,(t) <r <L, 0<t<oo.
By (3.8) we can rewrite the left-hand side of (2.8) in the form

3] 3]
(8.7) 8? + U”T?ﬁ + fy (P,Y(r, t) — TR0 +2R2 0 Qw(t)) )
vy

Hence the function g(t) = fmefot 12@()ds g o supersolution of (2.8) and, by the
comparison lemma,
Lt <glt), RO<r<L, t>0.

Since, by (8.5), g(t) is uniformly bounded, (8.6) follows.
We next prove that

(8.8) 1Q,(t)] <C ¥Vt >0.
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We write (2.2) in the form

py—1) 10 _ __10(rvy) kpwy _ Py a
ot + - or (r(py 1)“7) =T  or + wy + Kwpfv o Appy = M,

or

oP, 0
rp t gy (rPaon) = 1My Iy (ry>1)-

By (3.8) (or (4.7)), (8.6), and the bound p, < py,, we see that the right-hand side
is uniformly bounded in (r,t). Hence, by integration over R(t) <r < L,

L 8P'y(r t) . .
(8.9) / r——"=dr is uniformly bounded.
Next, by the definition of Q- (t) in (3.1),
. i L 9P
Q) = ~ROROPRED.O + [ r=Dar

and hence, upon using (8.9) and the uniform boundedness of R(t), the assertion (8.8)
follows.
From (3.6) and (8.8), we obtain the estimate

(8.10) IR, ()] < C.

Using the interpolation estimate (see [15, p. 48])

. lta loo
||R'>'HC‘1[t*7t*+1] < OHR’Y - Rfy”Vsz,oo[t*,t*_,.l] ' ||R'v - R;||L§°[t*,t*+1] =0

and noting that the last factor converges to zero as t* — 0, we obtain
(8.11) i [yl ey = 0,
and then, by (3.6), also
(8.12) t}gnw 1Q+]lcops 441 =0 VO<a<1.
From (8.12) and (8.5) it easily follows that
(8.13) Q+(t) =0 as t— oo,

and hence there exists a T" > 0 such that
2 A .
73@(1) < 7f if t>T.

Writing the left-hand side of (2.8) in the form (8.7) and using (8.13), we can then
apply the comparison lemma to f, to conclude that

(8.14)

S
fy(rt) < fm + o pax_ fo(r, T)e= = (=T,

and hence (8.2) follows.
Similarly one can prove, by comparison, the estimate (8.3). Finally, (8.4) follows
from (8.13). O
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9. Simulations and a conjecture. We simulated the radius R~ (¢) of the wound
for different values of v using the nondimensional parameters of the system (2.2)—
(2.28) that were chosen on the basis of experimental results [28]. In Figure 9.1 we
present simulation results in the original dimensional variables with L = 7.5 mm and
initial wound radius Ry = 4 mm. The computation was manually stopped when the
wound became 98% closed. From the figure we see that as 7 increases, the wound
closes more slowly, and when = is close to 1, the wound radius stops decreasing after
a certain time.

Radius of the wound

5,
4 T~

Eal

53

(]

=

g2
1 L - —
0 ! ! ! ! ! ]
0 10 20 30 40 50 60

Time in days

F1G. 9.1. The radius of the wound as a function of time for different values of v. From left
to right: v = 0,0.1,0.2,...,0.8,0.9,0.92,0.95,1. Other parameters used are the same as in [28];
the nondimensionalized values are L = 5, Ry = 8/3, pm = 2, Kup = Kyy = 025, kp, = 5/16,
A =01, 8=10, Dy =05, Dy = De =1, Dyy = Dy =5x 1072, Dy, = 1073, Dy = 7 x 1074,
Xm =Xf =01, xn =1, mm = fm = nm =10, A = 0.1, wp, = 2, ky = 4.39, A,y = 0.227,
Awm = 4.16, \g = 2, ky = 578 x 1073, Ay = 5.2 x 1073, kpp = kn = kp/10 = 2.16 x 1072,
Ann = 100X, = 2.25, kgg = 6.25 x 1072,

We conjecture that if the parameters of the system (2.2)—(2.28) are chosen on the
basis of experimental results, as in [28], then there exists a parameter value v, such
that (8.1) holds if v, <y <1 and

lim Ry(t) =0 if v < ..

t—o0

If this conjecture is true then, in particular,

lim R,(t) =0 if v=0.

t—o0

But even this assertion is still an open question. We can only prove, for the system
(2.2)—(2.28), with general parameters, the following result.
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THEOREM 9.1. If v =0, then

(9.1) p(L,t)>1, 0<t<oo,
. R(t) <0, 0<t< oo,
(9.3) Q) >0, 0<t<oo.

Proof. Using the boundary conditions w(L,t) = 1, f(L,t) =1, v(L,t) = 0 and
(2.26), we obtain from (2.2) at r = L the relation

OULt) o2y = o (1 ”) il (1 1>p

ot or 1+ Kup \' pm/) 14+Kup '  pm
k
= —ﬁ(ﬂ - 1),
and from (3.8),
v 2
E(Lvt) =P(L,t) - m@(ﬂ-
Hence,
ap(L, 29(L,
04 P oo~ 1) = AL (o)~ 1)+ FETDSQ0),

where ¢ is a positive constant.
Using the initial conditions

p(r,0)=1, w(r,0)=1, f(r,00=1, m(r0)=0, v(r,0)=0 for Ry<r<L,
b(T,O)El, p(7'70)50 fOI‘ RO+EO<T<L

in (2.2) and (2.4) and recalling the relations (2.26) and (2.27), we find that

(9.5) w =0, Ry<r<L,
(9.6) w0 _ o Ryteg<r<L.
ot
Using (2.25) we also obtain (upon recalling (2.28)) that
(9.7)
9f(r.0) _ xs LY i\
5 _TH 1—f—m pO(T)/ 1+ kg D_,, > 0, Ry <r < Ry + €.

Differentiating (2.2) in ¢ and using (9.5)—(9.7) and the 0374t-a,1+a/2 regularity of
w, we deduce that

82,0(7"0 ) O)
ot?

This implies that, for 0 < Rg+ecg—rp < land 0 <t <K 1,

>0 for 0< Ryg+eg—1p < 1.

p(T07t) > 17
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and hence

(9.8) Q) >0 for0<t<1.
Since p(0, L) = 1, from (9.4) and (9.5) it follows that
(9.9) p(0,%) > 1

for all 0 < t < co. This in turn implies that Q(¢) > 1 for all 0 < ¢ < oo, and hence

R(t) < 0 and (by (9.4)) p(L,t) > 1 for all 0 < t < co. O

10. Conclusion. In this paper we established existence and uniqueness of a
solution to a free boundary problem which models ischemic wound healing. The
ischemic condition is described in terms of a parameter v (0 < < 1) which appears
as a coefficient in a Robin boundary condition for the various cells and chemical
densities. We also proved that under extreme ischemic conditions (y near 1) the open
wound stops decreasing in finite time. When the parameters of the system are taken
on the basis of biological experiments, simulations show that there is a parameter -,
such that the wound heals if 0 < v < 7, and does not heal if v, < v < 1. This
assertion remains a challenging open mathematical problem. Future work should
include the introduction of pressure and diabetic conditions in ischemic wounds, as
well as inflammatory conditions.
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